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Appendix 11, Derivation of the equation for contact shift 

The spin Hamiltonian for two contact coupled S = ½, I = ½ spins is given by 

a'ff = gel~BBoS. - lr~'~Bol. + AI .  S 

=½Z, -½ZN+ AES.I.+½(S+I_ + S_I+)] 

where Ze and ZN are the electron and nuclear Zeeman energies, and the energy 
matrix is 

n~, M, 1½, ½5 1½, -½> 1-½, ½> I-½, -½> 

<½,½1 ½z.-½z~ o o o 
+4~A 

<½, -½1 o ½zo. ½z~ ½A 0 
-~A 

<-½.½1 o ½A -½Zo-½Z,  
--~A 

<-½, -½1 o o o -½Zo + ½z~ 
+4~A 

Diagonalization of the above matrix yields the following energies and eigenfunctions: 

E , . ½ Z . - ½ Z , + ~ A  

E.. - - ½Z, + !Z,  + ~,A 

~',=1½,½> 
~,., = c, 1½,-½> +c~l-½,½> 
~,~-- -c~ll,-½> +c,l-½,½> 
~'~--I-!. -½> 

where 

R ~(A 2 + (Z. + ZN)2) ~12 

Nuclear transition energies are given by E2-  E, and E 4 -  E3. By referring for 
simplicity to the high field limit, i.e. when Zo >> A, we have 

E 2 - E t = Z N - ½ A  E 4 - E 3 - - Z N + ½ A  

The first transition is between states characterized by positive Zo, the second between 
states with negative Ze, Note that the nuclear transitions are separated by A and 
indepondent of S, However, the nucleus is only able to experience an average 
additional field from the magnetic moment of the electron, owing to its fast relaxation 
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between the two electronic states. The average transition energy is thus given by 

AE.,,= P+(Z.--½A)+ P_(Z. + ½A) (II.I) 

where P+ and P_ are the Boltzmann population of the electronic levels, as defined 
in Eq. (1.25). Eq. (II.1) can thus be rewritten as 

,4E.~ = exp[-(Zd2kT)] (ZN--½A) 
exp[-(ZJ2kT)] + exp(ZJ2kT) 

exp(Zd2kT) 
+ (ZN+½A) (II.2) 

exp[-(Zd2kT)] + exp(Zd2kT) 

and, in the limit Z~ << 2k 

z~Ea,, = ½(1 - Z./2kT)(ZN -½A) + ½(1 + Z:/2kT)(ZN + ½A) 

= ZN + ½A Ze gd~sBo (11.3) 
2kT-~YIB° + A 4kT 

The contribution to the nuclear energy due to coupling with the unpaired electron, 
relative to the nuclear Zeeman energy equals the contact shift in ppm and is given 
by 

6c°"= A g'/~s (11.4) 
4ttTlkT 

which can be generalized for S # ½ to obtain Eq. (2.5): 

6 ° 0 .  _ _ a_a - g o ~ . s ( s  + 1) (ll.5} 
h 3y~kT 

Eq. (ll.5) can also be obtained in a simpler way by recalling that for large magnetic 
fields the quantization axis of both the nuclear and the electron spins is along the 
external magnetic field. Therefore, the energy of the contact interaction from 
Hamiltonian (2.4) can be written as 

gelaaS(S + 1 )Be (II.6) 
Ec°n= AI:(S:) = -AI= 3kT 

where we have used the definition of (S=) given in Eq. (1.31). The contact shift is 
again obtained by dividing the contact coupling energy by the nuclear Zeeman 
energy: 

E~o. A gela, S(S + I) 
C 0 1 1  . ~  

hT~l=Bo h 33'tkT 
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Appendix IlL Derivation of the pseudocontact shift in the case of axial symmetry 

We refer to the generic geometric arrangement of the electron and nuclear magnetic 
moments depicted in Fig. 2.6. The z axis of the cartesian coordinate frame, defined 
by the external magnetic field, is indicated by the unitary vector ~c. The orientation 
of the molecular z axis is indicated by the unitary vector 2. The metal-nucleus vector 
,.'s indicated by r. The angle between sc and 3. is called 0c, the angle between 3. and r 
is called 0, and the angle between mc and r is called 7. We also define a direction v 
perpendicular to 3. and lying in the ~c2 plane, and a direction i perpendicular to the 
~¢). plane. When performing rotational averaging, we will be dealing with rotations 
of the molecule about its principal axis 2; upon such rotation, the vector r will define 
a cone around A, and it will be useful to define an angle 1"2 to locate r along the 
surface of the cone. f~ is zero when r lies in the ~¢~ plane. 

Our aim is that of evaluating the energy of the dipolar interaction between the 
nuclear and electron magnetic moments from the classical expression (see Eq. ( 1.1)): 

( ( , e )  • r)  
Edipffi- 7 3 r2 -(p).p:,~] (III.l) 

where (,a) is the average induced magnetic moment of the electron, and Pb~ is the 
projection of the nuclear magnetic moment along Be. By referring to Fig. 2.6, Ph~ = 
h~,~l:~. From Eq. (1.27), we can write 

XM Bo Be 
(/~) ~ N• Po ~ X #o (III.2) 

where X is defined as the molecular magnetic susceptibility. We also know that X is 
a tensorial quantity (of. Eq. (1.40)). By analogy, the vector (/~) can be obtained by 
taking the vector projection of the X tensor along i¢ and rewriting Eq. (Ill.2) as 

Bo 
(/0 ~ ~=~ X" i¢ (III.3) 

By recalling that 4.  ~¢ ffi cos 0c, v. ~¢ ffi - sin ~, and ~. a¢ -- O, we obtain 

Bo 
<~u> - ~ (Zll cos ~.  - Z± sin ~v) (111.4) 

Note that (~u) is slightly misaligned with respect to the direction of Be, ~c; it would 
be coincident with the ~ direction only if X , -  XJ., i.e. in the absence of magnetic 
susceptibility anisotropy. 

By substituting Eq. (III.4)in Eq. (Ill . l) ,  and recalling also that 

2, r -- r cos 0 v. r -- - r  sin 0 cos 

s¢. r -- r cos ~ = r(cos ~ cos 0 + sin ~ sin 0 cos ~ )  
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we obtain 

Edip = Be 
- 4nr 3 hT~l:[3(Xll cos ~ cos 0 

+ X± sin ~ sin 0 cos fl)(cos x cos 0 

+ sin • sin 0 cos Q) -(Xn cos2 ~ t- Z± sin2 ~)] (III.5) 

wh,~ch can be rearranged as 

Be 
E dip = - 4trr----~h),11:[Xll cos 2 ~(3 cos 2 0 -  1) + X± sin2 0e(3 sin'  0 cos 2 f l  - 1) 

+ ](Z,I + Za.) sin 20c sin 20 cos f l ]  (III.6) 

Eq. (III.6) i,3 the general formula for the dipolar interaction energy when the principal 
axis of X is in a generic ~ direction. The shift is then obtained by calculating the 
energy difference between two states differing by 3 M t  = + 1" 

Be 
/ - jEoip - -  4~xr 3 h)'z[Xll c os2 ~(3 cos 2 0 - 1 ) + Z± sin2 ~(3 sin 2 0 cos 2 £2 - 1 ) 

+ ~(Xll + X±) sin 20c sin 20 cos ~ ]  (III.7) 

and by dividing the result by the nuclear Zeeman energy h~,~ Be 

~E dip 1 
- -  ~ d i p  - -  ~XII cos2 ~(3 cos 2 0 - 1 ) + X± sin2 ~(3 sin'  0 cos '  ~ - 1 ) 

hTz Bo 41tr 3 

+ ~(Xtl + Xx) sin 2~ sin 20 cos f~] (Ill .8) 

Eq. (III.8) gives the dipolar shift in the solid state (see Chapter  8). Note that when 
X is isotropic it reduces to 

I 
~aip _ xl" 3(cos • cos O + ~in ~ sin 0 cos Q)2 _ 1 ] 

4nr ~ 

1 
- 4nr 3 X(3 cos 2 ~, - 1 ) (III.9) 

which gives the dipolar shift in magnetically isotropic solids and which averages 
zero in solution (cf. Eq. (2.15)). 

To derive the pseudocontact shift in solution 6pc we must now take the rotational 
average of Eq. (III.8). By recalling that 

cos Q dQ -- 0 2--~ COS2 Q dQ--½ 

integration of Eq. (III.8) in dQ gives 

1 
6 - 4~r3 [Xll cos2 0c(3 cos 2 0 -  1) + X~ sin 2 0c(2 ~sin2 0 -  1)] (III.10) 
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We then need in tegra t ing  over  the  solid angle  a (d cos g = sin ~ d00, a n d  recall ing 
tha t  

~ cos 2 e sin • de  -- ~ 2 ( 1 - c o s  2 el sin e de  3 

we obta in  

~d ip  __ 1 
47tr 3 [Xll~(3 cos 2 0 - 1) + X±~(3 - 3 cos 2 O -  2)] 

1 
12nr 3 (ZII - X±)(3 cos 2 0 - 1 ) (III .11) 

which is Eq. (2.14). 
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Appendix IV. Derivation of the equations related to NOE 

A necessary step to derive Eq. (6.2) and other equations in Chapter 6 is the 
obtaining of a suitable expression for the time dependence of M~ in a dipole-coupled 
two spin system. By referring to Fig 6.1, M~ and M~ are given by 

M~=K(P++ + P+_ -P_+ - P _ _ )  M~=K(P++ + P_+ -P+_ - P _ _ )  
(IV.l) 

The rate of variation of M[ with time, dM~(t)/dt, is proportional to the rate of 
population increase of levels + + and + - minus the rate of population increase of 
levels - + and - - :  

dM~(t) /dP++ dP+_ dP_+ dP__)  
dt ~ (IV.2) 

Among the various transitions shown in Fig. 6.1, we can neglect those involving only 
changes in spin state of J. For instance, the first of the four terms in the right-hand 
side of Eq. (IV.2) is: 

dP+ + 
- - (w[  + w~)P++ + w~P_+ + w2e--  + c  (IV.3) 

dt 

The constant c can be evaluated by setting dP+ +/dt = 0: 

c =(w~ + w2)P+ + (oo ) -  w[ P_+ (oo ) - w2P__(oo ) (IV.4) 

and Eq. (IV.3) becomes 

dP+ + 
-(w[ + w2)AP++ + ~AP_+ + waAP-- (IV.5) 

dt 

where 

P.-  P(oo ) -- AP (IV.6) 

Analogous equations can be written for the other three terms in Eq.(IV.2). By 
grouping all th~ terms together, Eq. (IV.2) becomes 

dM~(t) 
- K[-2AP++(w[ + w2) (IV.7) 

dt 
- 2AP+ _ (w~ + we) + 2AP_ + (w~ + We) + 2AP_ _ (w~ + w2)] 

which can be rearranged to 

dM~(t) 

dl 
- 2K [tAP- - -- AP+ + )(w~ + w2) + (AP_ + - AP+ _ )(w~ + We)] (IV.8) 

The factor 2 derives from the fact that a single transition decreases the population 
of the starting state and at the same time increases the population of the target state, 
thereby changing the population difference by twice as much. 
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However, from Eq. (IV.l) we can write 

M~ + M~ -- - 2K(P_ _ - P+ +) M ~ - M ~ =  -2K(P_ + - e + _ )  (IV.9) 

and, using Eq. (IV.6) 

M~(t)-  M~(oo) + M~(t)-  M~(oo) = - 2 K ( A P _ _ -  aP++) 

M~(t)- M~(oo)- M~(t)+ M~(oo) = -2K(AP_ + - AP+_) 
(IV.10) 

Substituting Eq. (IV.lO) into Eq. (IV,8) gives 

dM~(t) = - I M p ( t ) -  M~(oo) + M~(t)-  M~(oo )](w[ + w2) 
dt 

- IMp(t) - M~(oo)- M~(t)+ M~(oo)](w~ + We) 

(IV.ll) 

that finally becomes 

dM~(t) 
- ['M~(t) - M~(oo)](Wo + 2w[ + w.:~,- IMp(t) - M~(oo)](w2 - wc,) 

dt 
(IV.12) 

Eq. (IV.12) is the starting point to derive not only the eqaations relevant for the 
N e E  phenomenon (Chapter 6) but also Eq.(3.12) and the following ones 
(Section 3.4). A somewhat different form of Eq. (IV.12) has already been encountered 
when dealing with transfer of magnetization between two sites in chemical exchange 
( Section 4.3.4). 

According to the definitions given in Eqs. (6.3) and (6.4), Eq.(IV.12) can be 
rewritten as 

dM~(t) 
= =  -- -- CM~(t) .- M~(oo )]Pto~- [M~(t)-  M~(oo )]om~ (IV.13) 

Eq, (6,2), re!ovant for steady state NeE,  can easily be obtained from Eq. (IV.13) by 
setting dM[(O/dt --- 0 and M~(t) - 0: 

0 ~- -[Ml(t)- Ml(co )]Pt(~) + M~(oo )o',(j) 

which rearranges to 

(IV.14) 

Mr(t) M[(~) + ¢ M~ oo - [ n , /P~,~]  .(  ) (6.2) 

For the homonuclear case, generalized by substituting Pt~.r~ with the total relaxation 
rate #t in Eq. (IV.13) and the following, we obtain 

Mt(t) - M[(~o ) 
M X(~) (6.10) 

The equation for truncated NOE (Section 6.3) can also be derived from Eq. (IV.13), 
again generalized by substituting Pm~ with the total relaxation rate Pa, by setting 
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M~(t) = 0 (instantaneous saturation). Integration then gives 

• d~(t) = A exp(-p~t) + B (IV.15) 

To evaluate the constants A and B we start by deriving again Eq. (15): 

dM~(t) 
dt ~ - A p s  exp(-pz t )  (IV.16) 

From Eq. (IV.15) we can then write 

A exp(-p~t) = M~( t ) -  B (IV.17) 

and, by substituting Eq. (IV.17) into Eq. (IV.16), we obtain 

dM~(t) 
dt ~- -p~M~(t) + pfB (IV.IS) 

However, from Eq. (IV.13)under instantaneous saturation of J we can write 

dM~(t) 
-- IMp(t)-  M~(oo)]pl + M~(oo)~o) (iV.19) 

dt 

and, by equating the right-hand sides of Eqs. (IV.18) and (IV.19) 

B ffi M~(oo) + [am)/pl]M~(oo) (IV.20) 

By substituting Eq. (IV.20) back into Eq. (IV.15) we obtain 

M[(t) = A exp(- pst) + M~(oo ) + [¢ho)/Pl]M~(~ ) (IV.21) 

at t~0 ,  M~(t)ffi M~(oo), and therefore 

A-- - [o~O~/pl]MJ=( oo ) (IV.22) 

from which Eq. (IV.21 ) becomes 

Mt~(t)ffiM~(~o)+(¢ltj~/pl)M~(oo)[1- exp(-plt)] (IV.23) 

by setting M~(oo)ffi M~(oo) and rearranging we obtain the equation for truncated 
NeE: 

M[( t) - M[( ov ) 
M[(oo) =thu~(t)=[crltz)/ps][1 - exp(-plt)] (6.17) 
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Appendix V. Simulation of NMR spectra 

I. Bertini, C. Luchinat, A. Rosato 

V.1. What are simulated spectra good for? 

Writing or understanding a pulse sequence is a task almost every NMR 
spectroscopist has dealt with in his life. In principle an experiment can be 
theoretically analyzed in order to predict the results arising when a given set of 
parameters is employed. In practice, pulse sequences are often tested with little 
preliminary theoretical studies, and a huge amount of time can be spent to properly 
set experimental conditions. This is particularly true when dealing with paramag- 
netie ~+ ~pounds which, as we have already seen in Chapters 7 and 9, often require 
unusual settings. However, NMR time is precious and one would like to cut down 
the amount required for testing experiments. Simulations can help a lot in this. 
Setting up the simulation of an experiment, if a library of simulations of the effects 
of various pulses is available, reduces merely to glueing together the different pieces. 
Acquiring a simulated spectrum generally takes much shorte~" than acquiring a real 
spectrum, and, in any case, CPU time is usually less precious than NMR time. 
Furthermore, one can play with the sequence and try to improve it or to understand 
it better, just trying to change the pulses, to skip some part of the sequence, etc. 
Let us think of an experiment in which shaped pulses are used; changing one (or 
more) of them into a hard pulse will help understanding its function. To a 
researcher who is familiar with NMR, the results of such changes may be obvious; 
nevertheless, the possibility of having a look at what really happens (or should 
happen), without wasting energy, is something one should appreciate. Of course, 
owing to the fact that up to now simulations can be run only on ideal, small 
systems, it is not possible to explore all the features of an experiment. A pulse 
sequence needs real testing as well. A simple example can be that of a too long 
high power decoupling, which would not have any pmticul~r consequence in a 
simulation, but would destroy the sample in real life 

Even well.known experiments can benefit from a clever use of simulations. From 
a 2D experiment to the most fancy nD experiment, there ~re always parameters to 
be adjusted to achieve the best results. Again, this could be (and in some cases has 
been) done through a detailed theoretical analysis, but instead it is often done by 
hand. This procedure is time consuming, and one is never sure of working with the 
best set of parameters. The right set of parameters for a certain system can be 
evaluated through simulations. 

Another possible use of simulations is the inspection of the shape of peaks. 
Sometimes, owing to some peculiarity either of the system studied or of the experi- 
ment, the spectrum detected shows some odd patterns. For instance, superimposition 
of pure absorption or pure dispersion lineshapes may result in an unusual aspect of 
a peak. 
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V.2. Product operators ~ 

The evolution of magnetization during NMR experiments can be followed by 
means of the so-called product operators formalism. This approach has the advantage 
of being simple, and of being pictorially representable. 

The basic idea of this approach is that of representing the magnetization of one 
spin through a combination of spin angular momentum operators. For instance, 
magnetization of a spin I can be represented through a linear combination of the 
three operators Ix, ly, I~. In the presence of an external magnetic field, the nuclear 
spin will be aligned along the direction of the field, say z; its magnetization is then 
represented by (is proportional to) I~. A generic 0e degrees pulse applied along one 
of the in-plane axes will produce a rotation of the magnetization vector around that 
axis of a degrees. This means that after a 90 ° pulse applied along the y axis, 
magnetization will be along the x a.~,is (Fig. V.1), and therefore will be represented 
by Ix .2 

If the nuclear spin has a Larmor frequency co, then its time evolution under the 
effect of chemical shift is given by the following rules: 

I:--, I.. 

Ix-* Ix cos cot + ly sin cot (V.I) 

ly ~ I~ cos cot - Ix sin cot 

This kind of representation for a single nuclear spin is absolutely equivalent to the 
classic vector model. 

Things get a little bit more coml;~licated when one has to deal with a two spin 
{I, K) system. In this case, the spin ~;ystem is described by a combination of the 
following spin operators: 

Kx, Ky, K. 
IxKx, l~Kx, l=Kx, IxKy, !yKy, l.Ky, lxK.., lyK.., I~K. 

Notice that the latter nine operators are formed by all tbe possible products (hence 
the name of the formalism), two at a time, of the three spin angular momentum 
operators of spin I and the three spin angular momentum operators of spin K. 
Vector representations of all these operators are shown in Fig. V.1. 

In the presence of an external magnetic field, the two nuclear spins will be aligned 
along z and their magnetization will be represented by the operators I: ~nd K:. If I 
and K are two spins of the same nuclear species, after a non-selective pulse applied 
along the y axis, their magnetization will be represented by Ix and Kx respectively. 
Evolution under the effect of ch¢:nical shift is still given by Eqs. (V.1). Spin I wili 

1 This appendix will deal only with spin i nuclei. However, extensions of this approach have been 
developed for other nuclear spins. 

z The convention used here is that a pulse applied along the y axis rotates spin magnetization from the 
z axis to the positive side of the x axis. 
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precess with frequency toz, and spin K will process with frequency coK. So far, each 
spin behaves as it would do if the other spin were not present. However, if the two 
spins are coupled, the evolution of one spin will affect the evolution of the other 
spin as well. Let us restrict ourselves, for the sake of simplicity, to the case of scalar 

Operator Matrix i spins $ spins 
name form 

z z loo  j :_ 
I 0 1 0 0  

0 1  Y y 

O 0  x x 

f , , i  o o  y y 
I o 

x x 

z z io-,i] :_  l o o  
t,.i o o  y ~ - y  

1 o  / 
x x 

j_ l O O l  t 
i,~ o- i  o I y y 

o o- -u 
x x 

z Z I'° l :_ j_ $,~ 0 0  
O 0  Y Y 

0 1  ~( x 

Z z 

1 0 0 0  
s,~ o o - - y  y 0- t  

0 1  
x x 

z z : -  - i  O 0  
$.~§ 0 t 0  y y 

O 0 -  
x x 

z z 

0 0 0  
I ~ . t  1 0 0  Y y 

- I  0 , ~  
x x 
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Operator Matrix I spins 
name form Eo-,l r oo 

l , s , !  o o  _ 
Y -1 0 -J"  

f 

X 

iool -1 0 
0-1  

o o ~ / 1  

S spins 

x / ~ ' - Y  
z 

x / - - - -Y  

I~, ~, o o-1 I 
0-10J Y Y 

X X 

100 
I~,~ o o-11 [ 0-1 o J Y : /  L y 

f ° ° l  _ 
0 0 1 0  

l~s~ lO O0 Y / /  Y 
x 

~(I00 0 0- I  , ~ 0 1 1  0 
l,s, t y y 

O 0  
X X fOOo  

l~y~ 0-100~ y y 
00 x,,~ 

f ° °-oI 00 -1  
lyS, i lOO I ooo.j ~ Y 

X x 

Fig. V.1. Product operators for a two.spin system. The density matrix form is shown along with the 
vector representation (from Ref. 1"5], p. 8). 
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coupling in solution, the coupling constant bet,veen I and K being J. The effect of 
scalar coupling on the time evolution of one spin (say spin l)  can be computed from 
the following equations: 

I~ ~ Ix cos ~J~ + 2IyK, sin ~Jt 

I~ ~ Iy cos ~cJt - 2I~K= sin ~J~ 

21~.K~ ~ 21yK, cos ~J~ - I~ sin ~Jt 

2IxK~-., 2I~K: cos ~Jt + I~ sin ~J~ 

(V.2) 

The same holds for spin K; the effect is still described by Eqs. (V.2), in which I 
and K are swapped. 

The effects of chemical shift and scalar coupling on the time evolution of on¢~ spin 
can be accounted for independently, regardless of the order (the two effects are said 
to commute). For example: 

I, cosoJJ + l~sino) d 

+ :u,, Kin'=,',] + 
+,,,n ws~[ i, c m ~ ,  - :~,', K, sing Jr ] 

l ,  cosP, Jt  + 21yK:sinfrJr 

I, t~v w~ t t ~  1t1¢ + 2 I~ K~ t~vto~ t$i~glt + 

+l~$1nto r¢ t ~  g/t - 21,K, Btc~,mingh 

In other words, in a term which is the product of two operators, each operator 
evolves under the effect of chemical shift and scalar coupling independently. A further 
example is 

x~y-----~ 

Ix cos mtt[K~ cos mxt - Kx sin coati + Ix sin mtt[K~ cos mxt - Kx sin m~t] 

ffi lxKy cos rest cos mxt - lxKx cos m~t sin mxt + lxKy sin rest cos COKt 

- -  lxKx sin mtt sin m~t 

Unfortunately, there is an exception: ~ tcrm which is product of two transverse 
operators does not evolve under scalar coupling ~tween the two spins. That is, 
scalar coupling between I and K does not affect terms like ixgx, l x K ,  etc. Anyway, 
one should keep in mind that such terms do evolve under the effect of scalar coupling 
to a third nucleus. As an example, suppose that spin ! is coupled to spin S with a 
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constant Jts: 

~ J l s  t r v~  
IxK~-----~ G t ~  cos nJis t  + 21yKxS.  sin 7tJtst 

Note that the operator K~ just acts as a multiplicative constant. 
In products of two operators, each one evolves independently also under the effect 

of pulses. For instance: 

I:K: 90;, I~K~ 

lxK~ 90;, _ l :Ky  

As can be understood by looking at Fig. V.I, only single spin operators correspond 
to directly detectable magnetization. So, in common NMR experiments, only terms 
like I~, ly, K~, Ky correspond to an observable, whereas all other terms (lxK~, I~ Ky, 
I~.K:, etc.) are not directly observable. 

By means of the few basic ideas exposed so far it is p0~ssible to follow a COSY 
experiment. Say the two coupled nuclei are I and K, the coupling constant between 
the two being J. We can follow the evolution of one spin: the evolution of the other 
can be easily obtained by swapping the I and K operators. After the first 90~ pulse, 
z magnetization is converted into x magnetization. Then, evolution during t~ follows 

Ix-~Ix cos tott~ cos 7tJt~ + 2lyKz cos tott~ sin 7tJt~ + ly sin tott~ cos ~Jt~ 

- 2lxK.. sin tott~ sin nJt~ 

After the second 90 ° pulse is applied along the x axis, the system is transformed 
into 

Ix cos tottt cos 7tJtl - 21:K~, cos oht l  sin 7tJtl + l~ sin toit~ cos ltJtl 

+ 21xKy sin to~t, sin nJt, 

At this point, signal detection occurs. As I. and 2lxK~. do not yield observable 
magnetization, the third and fourth terms are of no further interest and will be 
dropped. During h, the evolution of the first two terms is as follows (only relevant 
terms are shown): 

I x COS toltt  COS ~Jt 1 - ' * Ix cos colt I cos ~Jtt cos tott 2 COS ~Jt 2 

+ I s, cos tot tl cos nJtl sin tot t2 cos 7tJte +...  

-21:Ky cos tottz sin ltJtz --} Kx cos tort1 sin ~Jtl cos tort2 sin n Jr2 

+ Ky cos tort! sin nJt~ sin toj:te sin ~tJt2 +.. .  

The terms in the first row give rise to a peak at frequency tot in the first dimension 
and tot in the second dimension: that is, they give rise to ti~e diagonal peak of spin I. 
The peak arising from the terms in the second row has freque~cy toK in the first 
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dimension and to~ in the second dimension, thus yielding a cross-peak between I 
and K. If one carries out the same calculation starting from K, its diagonal peak 
and the cross-peak between I and K at (cot; cox) are obtained. 

Product operators can thus be used to predict the behavior of an NMR experiment. 
The calculations are relatively simple to perform. Computer programs are available 
that also take into account the effects of phase-cycling to select the desired terms 
and reject unwanted ones. A drawback of the product operators approach is that, 
in its simplest version, it does not take into account the effect of relaxation. This is 
a must when dealing with paramagnetic substances. Exponential decay terms can be 
introduced to multiply each term and take relaxation into account. The method then 
becomes more cumbersome, and the effect of relaxation is introduced in a phenome- 
nological way. A better approach is that of using the concept of Redfield density 
matrix. 

V.3. Density matrix 

In general, a spin system can be described by a function It/"), which in turn con 
be written as a summation of the eigenfunctions of the nuclear Zeeman Hamiltonian, 
each multiplied by an appropriate coefficient 

I¢'> -- ~ c~,l~,) (v.3) 
Y 

For a two-spin } system we have 3 

19'> = e,,10t0t> + c, al~lt> + gj, l/~0t> + cl, jl88> (V.4) 

Sip.ce the rystem passes from one Zeeman eigenstate to another with time, the 
functio, 19") will in general be a function of time, whereas the eigenhmctions of the 
nuclear Zeeman Hamiitonian are not. Then, the coefficients % must be time depen- 
dent. Eq. (V.3) can be rewritten as follows: 

1 ~'(t)) - Y~ g,(t)l~,) (v.5) 

The evolution of the system, that is the evolution of I ~'(t)>, is accounted for by 
the coefficients ,, q't. ) For the sake of simplicity, in the following I~'(t)) will be 
indicated just b) I~'), still being time dependent. 

The expectation value of an operator A is given by 

<A) ~ (~ ' IAI~ ' )  (V.6) 

When dealing with a macroscopic sample, the value observed will be the ensemble 
average of the expectation values for all individual spin systems. 

<a-S = <~'1~,1 ~'> (V.7) 

• ~ Throughout this appendix, nuclear spin states will be indicated as I~) and I/I) instead of I + ) and 
1~ ) as dsewher¢ in the book. 
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Recalling Eq. (V.5), we obtain 

(A  > = ~" ~ c*( t)ca( t ) (vIAI2)  = Vz_ , ~'. c*( t)ca( t)A,,a (V.8) 

The elements A~,x are constant for a given spin system and constitute the 
matrix representation of A in the eigenbasis chosen. 

The elements of the density matrix are defined as 

a~=c*(t )ca( t )  

Eq. (V.8) then becomes 

(V.9) 

(A> = ~' ~ aa~A~a (V.IO) 

which corresponds to summing all the diagonal :Aements of the matrix resulting 
from the product of A and a'. Eq. (V.10) can thus be rewritten 

(A) = Tr{Ac~} (V.11) 

where Tr stands for trace of the matrix Act. 
Let us now have a look at an example. A single spin ½ system is described by a 

2 x 2 matrix: 

I#> 

0'----- 
Pop ~ SQ 

SQ Pop # 

The two diagonal elements describe the population of the states ~ and ft. Off- 
diagonal elements are related to single quantum transitions (SQ). 

For a two-spin ½ system (Fig. V.2) we have a 4 × 4 matrix: 

(~0tl 
tr =<~fll 

Pop *~' SQ K SQ ! DQ 
SQ r Pop "p ZQ SQ l 
SQ ! ZQ Pop #~ SQ K 
DQ SQ ! SQ r Pop p# 

Diagonal elements describe the population of the four states. Off-diagonal elements 
are related to terms that connect different states (that is transitions). Terms which 
describe the flipping of one spin (e.g. 0t0t --~ 0tfl) are related to single quantum tra.sitions 
(SQ); terms which describe the flipping of both spins in opposite directions (e.g. 
flot~o~fl) are related to zero quantum transitions (ZQ); terms which describe the 
flipping of both spins in the same direction (e.g. ~ tiff) are related to double 
quantum transitions (DQ). 
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Fig, V.2. Energy levels and transition probabilities for a two-spin system. 

When the system is at thermal equilibrium, the relative population of levels is 
given by the Boltzmann distribution. For a two homonuclear spin system we have 
(neglecting small energy differences due to chemical shifts and scalar coupling) 

Pop "~ hv 
Pop, p ~ l + ~ - ~  l + p  

Pop *B 
Pop~ = 1 

PopP * 
Pop "# 

Pop n# hv 
Pop~ ~ ~ I = k 7~' = 1 - p  

where h is Pla~,,ck's constant, v is the frequency of the proton, k is Boltzmann's 
constant, and T is the absolute temperature. The density matrix at thermal equilib- 
rium is then 

Ii°°il Ii°° 1 1 0 p 0 0 
~=4 0 1 +4 0 0 {V.12) 

0 0 0 1 0 0 0 ~I 

The first matrix, which is the identity matrix, is not affected by any phenomenon 
of interest in NMR spectroscopy and therefore can be neglected. 

The density matrix allows one to fully describe the evolution of the system through 
pulses, chemical shift and scalar coupling. 

A pulse with flip angle ~ applied along the x-axis of the rotating frame transforms 
the density matrix o" into another matrix ~'. The relationship between the two is 

(V.13) 
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O O where Rs,(at) is a rotation matrix and R~(a) is its transpose conjugate. For a sOy 
rotation of a two-spin system 

I l i l  1 - 1  1 - 1  

1 1 1 1 

(V.14) 

Therefore, the result of the application of a 90~ pulse to a two-spin system whose 
equilibrium density matrix is given by Eq. (V.12) is 

1 i! 1 i '1 I! °° ill I ' 'i 1 I - 1  - l  p o o I - 1  1 - l  

- 1  1 - 1  4 0 0 2 1 - 1  1 

1 1 1 1 0 0 0 - 1  1 - 1  - 1  1 

!I =p o o 
8 0 0 

0 1 1 0 

(v.15) 

Analogous matrices can be written for pulses along different axes. The time 
evolution of the density matrix under the effect of a time independent Hamiltonian, 
when the scalar coupling is weak, is given by 

[ '  ] ¢~,~(t)---exp - ~(E~,-Ea)t o'~,,~(0) (V.16) 

Er and E~ being the energies of the states 13') and I~.) respectively. 
Relaxation can be simply included as an exponential decay of the off.diagonal 

elements of the matrix, Suitable equations to derive relaxation rates for the various 
matrix elements are available in the literature. Therefore, the time evolution due to 
chemical shift, scalar coupling and transverse relaxation transforms ¢1 into 

I 0 exp[-i(coK + nJ)t] exp(- R2st) 

p exp[i(coj: + nJ)t] exp(-Rzst) 0 

cz = ~ exp[i(cos + nJ)t] exp(-R2zt) 0 

0 exp[/(oJ~ - rcJ)t] exp(- R2zt) 

exp[-  i(co~ + ~J)t'] exp(- Rz~t) 

0 

0 

exp [i(%c - ~J)tl exp(- R2Kt) 

0 1 exp[-  i(col + ~J)t] exp(-- Rz~t) 
exp[-i(cOK- rcJ)t] exp(- RzKt) 

0 

Note that longitudinal relaxation has been neglected. 

(V.17) 
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The intensity of magnetization detected at a certain time M is given (if quadrature 
detection is performed) by the sum of expectation values (ensemble averaged) of the 
operator ix + il r = ,f + for all I spins (and the same for the K spins} times No~,h, that 
is 

N 

M = ~ No?h <ix + ii~.) (V.18) 
I = 1  

where No is the number of spins per unit volume; ~, is the magnetogyric ratio of the 
spins. The matrix representation of 1 + is 

Ii'' i 1 0 0 
l+= 0 0 (V.19) 

0 0 0 0 

Therefore, recalling Eq. ( V. 11 ), we obtain 

P M = No?h~ {exp[-i( tor + nJ)t] exp(-R2xt)  

+ exp[-i(~as: - nJ)t] exp(-RzKt) 

+ exp[-- i(tol + nJ)t] exp( -  R2rt) 

+ exp(~ i({,J~ ~ nJ }1 ] exp(-- R,it}} (V.20) 

The intensity of the magnetization has to be evaluated at different, equally-spaced 
values of t, iu order to have a simulated FID, which cau be then i,~urier transt'orn~ed. 
With these tools it is possible to simulate a spectrum, including relaxation. 

A few example~ should clarify the coucepts exposed so far. As a first example of 
a 2D experilnem, let us take the COSY experiment. Inur ~diately before : ,e  .,~."ing 
pulse, the system will be described by the density matrix ¢2 (Eq.(V.17)). Then a 
second 90 ° pulse is applied, for example along the .~ ,,.as, which translbnns a2 
according to Eq, ( V. 13 ). 

¢2(h) ~; -03(q) 

Then, time evolution has to be evaluated during tz. 

Tinlc evolution 
¢3(tt} - - - - - +  e A q ;  t2} 

And finally the intensity of magnetization detected can be computed through 
Eqs. (V.I 1) and (V.18). 

M(tt; t2)-- No)'ti Tr{I,¢{tt, tz)} 

To to i l e t  all ensemble of FIDs we must, just like in a real e.~:pedment, lix t t at a 
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certain value and then evaluate M as a function of t2. In this way an FID is 
'recorded', which can be written to a file; then t~ is (regularly) increased and another 
FID is calculated. The whole procedure is repeated until the desired number of 
experiments is recorded. When the simulation is over, one is left with a file containing 
all the FIDs, which can be dealt with just like a real experiment. Note that, having 
neglected longitudinal relaxation during t~, some artifacts will be missing in the 
resulting spectrum. 

Let us now move to a more complex example, that is the NOESY experiment. 
Longitudinal cross-relaxation cannot be accounted for by the simple treatment we 
have used in the previous example. A deeper analysis is required in order to produce 
a simulation of a NOESY spectrum. The time dependence of populations is given 

by 

/ w,, 
LPP#(t)J I-I/I/4~ I~42 14143 1414,8 -I LPP#tt)- PP~J 

where the Ps have the known meaning (see above), and the Ws are transition 
probabilities (Fig. V.2). The approach to the calculation of the Ws is described in 
the literature. "(he matrix W is symmetrical, that is W,,,, = W,,,. To simulate a NOESY 
spectrum, longitudinal relaxation needs to be computed during the mixing time. The 
evolution of the system up to the etad of t t is again described by Eq. (V.I 7); tb.en a 
90 ° pulse is applied which transforms er2 into as. Now the time evolution of the 
system is to be evaluated through Eq.(V.21). The simplest way to do that is to 
divide t,,, into the sum of many short dt and to a s s u m e  that each diflbrence P(t) ..... l ~ q  

is Ct'~s'n.r t,lnt over each dr. In this way we obtain 
! Ja~ "! - l ' " ( t+jdt)  "] FWt, W,2 W,., W,4"]FP"'(t+(j~:ol)dt)°~-~,, I 

I 
P~P I w,, w,:, 
"~q/ I / / 

.PPP(t+jdt)J L.W,u W42 W4s W44-JL-P#P(t+(j-l)dt)-P~ J 

j =  l, 2, . . . ,  n; n x d t = t , , ,  

The above expression is evaluated iterafively until j = n, yielding the final value 
of the four P(t~ + t,,,) values. Note that neglecting longitudinal relaxation during tt 
introduces only a minor error. This accounts for evolution of diagonal elements of 
the density matrix. The evolution of off-diagonal elements will be dealt with in the 
usual way. Finally, application of the third 90 ° pulse, evolution during t z, and 
acquisition are straighttbrward operations. 

A final comment is due to phase cycling. Its effect can be simulated by varying 
the phases of different pulses and summing up the resulting FIDs betbre writing 

them to disk, just like in real life. 
One must keep in mind that including relaxation in the way we described above 
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is also an approximation. However, the experimental behavior is often close enough 
to what has been just described. Our last example shows a case in which the 
approximation of an exponential recovery cannot be used. Subtle effects cannot be 
investigated with the approach we have used. A more cumbersome formalism, the 
superoperator formalism, is required to quantitatively evaluate and simulate such 
effects. Within this limit, density matrix approach still proves useful. 

V.4. Final remarks 

The use of simulations can help a researcher a lot in his work. This is particularly 
true when dealing with paramagnetic systems. The effect of the shortening of nuclear 
relaxations rates caused by paramagnetism can be predicted, and different conditions 
and experiments can be tested. This allows one to maximize the amount of informa- 
tion detectable through NMR. 

The results of simulations performed on paramagnetic systems have proved useful 
in many situations, as shown in the literature. 

The sources of some Fortran programs for the simulation of the most common 
experiments are available through anonymous ftp at the site: risc2.1rmfi.cnr.it, in the 
directory/pub/nmr-sim. Information can be obtained from Antonio Rosato, e-mail: 
Antonio@riscl.lrm.fi,cnr.it, 
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Appendix VI. Reference tables 

Physical and mathematical constants 

Quant i ty  Symbol 

Value 

SI CGS emu 

Physical constants 

Permeabili ty of vacuum 

Speed of light in vacua 

Elementary charge 
(absolute value of the 

electron charge) 

Planck constant 

Avogadro constant 

Electron rest mass 

Pro ton  rest mass 

Free-spin electron g factor 

Electron Bohr magneton 

Nuclear Bohr magneton 

Free.electron magnetic 

moment  

]JO 

C 

Proton magnetic moment  

Electron-to.proton magnetic 

moments  ratio te./ la n, 

FYee-electron magnetogyric 

ratio Ye 

Proton  magnetogyric ratio Ys, 

Bol tzmann constant k 

Hyperfine coupling constant (a/h). 
of the hydrogen atom (a//t)nn 

Mathematical constants 

h 
h = h/2n 

NA 

me 

mp 

ge 

Ira 

galen 
I1© = 2 

l l p  = 2 

4n x 10 -7 kg m s-2 A -2 

2.0979 x l0  s m s-  

1 

2.9979 x 10 n° cm s- : 

1.6022 × 10- n9 A s 1.6022 × 10 -2° abcoulombs 

6.6262 × 10 T M  J s 6.6262 × 10 -27 erg s 

1.0546 × 10 T M  J s rad t 1.0546 × 10 -:7 erg s r a d -  

6.0220 × 1023 m o l -  

0.9110 x 10-a°kg  

1.6726 x I 0 -  :" kg 

9.2741 x 10 -24 J T -  1 

5.0508 x 10 -27 J T -  t 

9.2848 × 10- 24 j T -  t 

1.4106 x I0 °2~J T ~ t 

0.9110 x 10- :7 g 

1.6726 x 10 -~4 g 

2.0023 

9.2741 x 10- :n erg G -  

5.0508 x 10-:4 erg G - t 

9.2848 x 10° 2, erg G = t 

1.4106 x 10 ~' 2~ erg G = 

658.21 

1.7608 x 10 It rad s °~ t T ~ , 1.7608 × l0 T rad s ° t G ~ t 

2.6752 × l0 s tad s ° t T ~ t 2.6752 x 104 rad s '  t G °~ t 

1.3807 x 10" 23 j K - t 1.3807 x 10 ~ t6 erg K ~ t 

1.4204 x 109 Hz 
8.9247 x 10 9 rad s ° t 

2.7183 

3.1416 
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Conversion factors 

Quantity To convert from To Multiply by 

Length angstroms (A) meters 0n) ! × 10- ~o 
Pressure atmospheres (arm) pascals (Pa) 1.01325 x l0 s 

(kg in- l s-Z) 
Mass atomic mass unit (ainu) kilograms (kg) 1.6606 x 10 -2~ 
Energy calories (cal) joules (J) 4.1840 

electron volts (eV) joules (J) 1.6022 x 10- ~'~ 
kilowatt-hours (kWh) joules (J) 3.6 × 10 ~' 

Viscosity cent(poises kg m-s  s-  ' I x 10-3 
Angles degrees (deg) radians (tad) 0.017453 
Volume litres (l) cubic meters (m 3) 1 x 10 -3 
Frequency radians/seconds (tad s t ) cycles/seconds (cps) (Hz) 0.15915 

wavenumber (cm - ' ) energy (J) 1.9865 x 10- 23 
frequency is - ~ ) (Hz) 2.9979 x 10 m 
frequency (tad s-  t) 1.8837 x 10 ~ 

frequency ~s  ~ ) (Hz) energy (J) 6,6262 x 10-34 
tenll~rature ( K )  energy  (J)  1.3807 X 10 -23 

wavenulnber (cm" ~ ) 0.69467 

Some physical quantities and their Si units 

Electric charge (quautity of electricity) Q 

Electric curicn[ I 
~lectric potetttial V 
Eucr~y I~ 
Frequency v 
Frcqueilcy (augular vclocity) ~,~ 
MaBuctic field strength H 
MaBttetic inductiotl (flux dcusity) B 
MaBaetic nlomcnt p 
Magnetic susceptibility 
Masttetization M 
Magnetogyric ratio F 
Molar magnetic susceptibility ~M 
Power P 

Viscosity (dynaulicl PI 

C As  
A A 

J k8 in= s ~ ~ 
Hi s ~ 
rad s t tad s 
A Ul ~ A m 
T kg A ~ ~ s ° ' 

T * t A nl '~ 

[113 Ill 3 
J T 3~r ~ I ~  -- ~ A In ° i 

rad s" ~ T -  ~ rad A s k g -  
m 3 reel -t III "smcl- t 

W kgm= s ~'~ ( = J  s *-i) 
kgm-t sol kgmot s-t 


